RESOLVABILITY OF SPACES HAVING SMALL 
SPREAD OR EXTENT 



ISTVAN JUHASZ, LAJOS SOUKUP, AND ZOLTAN SZENTMIKLOSSY 

Abstract. In a recent paper O. Pavlov proved the following two 
interesting resolvability results: 

(1) If a space X satisfies A(X) > ps(X) then X is maximally 
resolvable. 

(2) If a Ts-space X satisfies A(Ar) > pe(X) then X is ct;-resolvable. 
Here ps(X) (pe(X)) denotes the smallest successor cardinal such 
that X has no discrete (closed discrete) subset of that size and 
A(X) is the smallest cardinality of a non-empty open set in X. 
In this note we improve (1) by showing that A(X) > ps(X) can 
be relaxed to A(X) > ps(A'). In particular, if AT is a space of 
countable spread with A(Ar) > uj then X is maximally resolvable. 

The question if an analogous improvement of (2) is valid remains 
open, but we present a proof of (2) that is simpler than Pavlov's. 



1. Introduction 

Given a cardinal k > 1, a topological space is called K-resolvable 
iff it contains k many disjoint dense subsets. Denoting by t*(X) the 
family of nonempty open subsets of a topological space X, we say that 
the space X is maximally resolvable iff it is A(X)-resolvable, where 
A(X) = minjlGI : G E r*(X)} is the so-called dispersion character of 
X. A space is called (< K)-resolvable iff it is /x-resolvable for all /i < 
In this introduction we shall give three lemmas that provide sufficient 
conditions for K-resolvability. Finally, a space that is not K-resolvable 
is also called K-irresolvahle. 

El'kin proved in [3j that, for any cardinal k, every space may be writ- 
ten as the disjoint union of a hereditarily K-irresolvable open subset and 
a Av-resolvable closed subset. As Pavlov observed in the introduction of 
[Tfl] . this statement has the following reformulation. 
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Lemma 1.1. A topological space X is K-resolvable iff every nonempty 
open subspace of X includes a nonempty n-resolvable subset, in other 
words: iff' X has a n -network consisting of K-resolvable subsets. 

For any topological space X we let ls(X) denote the minimum num- 
ber of left-separated subspaces needed to cover X. The following lemma 
is implicit in the proof of [TOl Theorem 2.8] and easily follows from the 
well-known fact that every space has a dense left-separated subspace, 
see e. g. [3 2.9.c]. 

Lemma 1.2. If for each U G t*(X) we have ls(f/) > that is no 
nonempty open set in X can be covered by fewer than k many left 
separated sets, then X is K-resolvable. 

Our next lemma generalizes propositions 2.3 and 3.3 from ^j. We 
believe that our present approach is not only more general but also 
simpler than that in To formulate the lemma, we need to introduce 
a piece of notation. 

Given a family of sets A and a cardinal k, we denote by S^i^A) the 
collection of all disjoint subfamilies of A of size less than k, i. e. 

S^{A) = {A' e [A]^"" : A' is disjoint}. 

Lemma 1.3. Let us be given a topological space X , a dense set D C X , 
an infinite cardinal k > \D\, moreover a family X C ViX) of subsets 
of X . If for each x E D and for any y G ^^(X) there is a set Z E I 
such that uy H Z = % and x ^ Z then X is K-resolvable. 

Proof. Let {xa : a < k} = be a /t-abundant enumeration of that 
is for any point x E D we have = {a : Xa = x} E [k]'^. By a 
straightforward transfinite recursion on a < k we may then choose sets 
Zq, G X n V{X \ Uy^aZy) with Xa G Z^ for all a < k. (Note that we 
have {Zy : v < a] E S^(X) along the way.) 

For any ordinal i < k and for any point x E D let af he the ith 
element of the set and set 

A = [j{Zaf -.xeD}. 

Then clearly Z) C , hence {Di : i < k} is a disjoint family of dense 
sets, witnessing that X is /t-resolvable. □ 

As an illustration, note that if |X| = A(X) = k > X and t{x, X) < A 
holds for all points x E D oiaset D which is dense in the space X, then 
D, X, K, and X = [X] ~ satisfy the conditions of lemma fT73l and so X 
is K-resolvable. Thus we obtain the following result as an immediate 
corollary of lemma EHl 
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Corollary 1.4. // A(X) > snp{t{x, X) : x E D} for some dense set 
D C X then X is maximally resolvable. In particular, if A{X) > t{X) 
then X is maximally resolvable. 

The second statement is a theorem of Pytkeev from 

2. Improving Pavlov's result concerning spread 

As was mentioned in the abstract, in [12] Pavlov defined ps(X) as 
the smallest successor cardinal such that X has no discrete subset of 
that size. We recall from 1.22] the related definition of s(X) that is 
the smallest uncountable cardinal such that X has no discrete subset 
of that size. Clearly, one has s(X) < ps(X) and = ps(X) iff s(X) 
is a successor. Finally, let us define rs(X) as the smallest uncountable 
regular cardinal such that X has no discrete subset of that size. Then 
we have < rs(X) < ps(X) and 's{X) = rs(X) iff is regular. 

In it was shown that if a space X satisfies A(X) > ps(X) then 
X is maximally (i. e. A(X)) resolvable. The aim of this section is 
to improve this result by showing that the assumption A(X) > ps(X) 
can be relaxed to A(X) > rs(X). 

Before doing that, however, we have to give an auxiliary result that 
involves the cardinal function h(X), or more precisely its "hatted" 
version h.{X). We recall that h.{X) is the smallest uncountable cardinal 
such that X has no right separated subset of that size, or equivalently, 
the smallest uncountable cardinal k with the property that any family 
U of open sets in X has a subfamily V of size < k such that UV = UW, 
see e. g. [3 2.9.b]. 

Lemma 2.1. If k is an uncountable regular cardinal and 

\X\>K> h(X) 
then X contains a K-resolvable subspace X* . 

Proof. We can assume without loss of generality that X = {k.,t). Let 
us denote by NS(fi;) the ideal of non-stationary subsets of k and set 
g = {U e T : U e NS(/t)}. Since h(X) < k there is Q' E [G]^'" 
with ug' = ug = G. Then G G NS(k) because the ideal NS(k) is 
K-complete. 

Let us now consider the set 



T = {x e k:3G^ C K club (yS C a if 5 e NS(k) then x i S)}. 
Claim 2.1.1. T e NS(k). 
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Assume, on the contrary, that T is stationary in k. Fix for each 
X G T a club as above. Then the diagonal intersection 

C = A{a : X e T} 

is again club and so C fl T is stationary in k as well. We may then 
choose a set 5 G [C H T] that is non-stationary. But then for each 
X E S we have 

S\{x + 1) cC\{x + l) CC„ 

hence by the choice of Cx we have x ^ S \ {x + 1). Consequently, S is 
right separated in its natural well-ordering, contradicting the assump- 
tion h(X) < K, and so our claim has been verified. 

Finally, put X* = X\{GUT) and T = NS(k) nP(X*). Then lemma 
II. 31 can be applied to the space X*, with itself as a dense subspace, the 
cardinal k, and the family I. Indeed, for any point x G X* and for any 
non-stationary set Y C X* there is a club set C C X*\Y, and then 
X ^ T implies that x G Z for some non-stationary set Z C C. (We 
have, of course, used here that I is K-complete.) This shows that X* 
is indeed K-resolvable. □ 

We are now ready to formulate and prove the promised improvement 
of Pavlov's theorem. 

Theorem 2.2. Let X be a space and k be a regular cardinal such that 

s{X) <K< A(X), 

then X is K-resolvable. Consequently, if A(X) > rs(X) holds for a 
space X then X is maximally resolvable. In particular, any space of 
countable spread and uncountable dispersion character is maximally re- 
solvable. 

Proof. In view of lemma 11.11 it suffices to show that any non-empty 
open subset G of X includes a K-resolvable subspace. To this end, note 
that, trivially, for each G G t*(X) we have either 

(i) \s{H) > K for all H G t*{G), 

or 

(ii) ls{H) < K for some H G r*(G). 

In case (i) G itself is K-resolvable by lemma fOl In case (ii) we claim 
that h.{H) < K holds true and therefore H (and hence G) contains a k- 
resolvable subset by lemma l2?Il Assume, on the contrary, that R C H 
is right-separated and has cardinality k. Since H = [J{La : a < Is(iJ)}, 
where the sets La are all left-separated, there is an a < Is(if) < k such 
that \Rn La\ = K because k is regular. But then the subspace Rn La 
is both right and left separated, hence (see e. g. [ll 2.12]) it contains a 
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discrete subset of size \RnLa\ = k, contradicting our assumption that 

S(X) < K. 

If A(X) is regular then this immediately yields that X is maximally 
resolvable, while if A(X) is singular then, as rs(X) is regular, we have 

A(X) > rs(X)+ > ps(X), 

hence Pavlov's result [TOl 2.9] may be applied to get the second part, 
of which the third is a special case. 

□ 

It is natural to raise the question if theorem 12.21 could be further 
improved by replacing rs(X) with in it. Of course, this is really 
a problem only in the case when 

A(X) = s{X) = A 

is a singular cardinal. Recall now that Hajnal and Juhasz proved in 
[E] (see also 4.2]) that s~(X) can not be singular strong limit for a 
Hausdorff space X. Consequently, the above mentioned strengthening 
is valid for Hausdorff spaces provided that all singular cardinals are 
strong limit, in particular if GCH holds. 

Corollary 2.3. Assume that for every (infinite) cardinal k the power 
is a finite successor of k (or equivalently, all singular cardinals are 
strong limit). Then every Hausdorff space X satisfying A(X) > 's(X) 
is maximally resolvable. 

It is also known (see e. g. fH 4.3]) that s~(X) can not have countable 
cofinality for a strongly Hausdorff, in particular for a T3 space X. Hence 
the first interesting ZFC question that is left open by theorem 12.21 is 
the following. 

Problem 2.4. Assume that X is a T3 space satisfying 

s{X)=A{X) = K,. 
Is X then (maximally) resolvable? 

It is clear that if in theorem 12.21 we have A(X) = A > rs(X) then the 
first part may be applied to any regular cardinal k with rs(X) < k < A, 
hence if A is singular then we obtain that X is (< A) -resolvable without 
any reference to Pavlov's result. This is of significance because the 
proof of Pavlov's theorem in the case when A(X) is singular is rather 
involved. However, if in addition A has countable cofinality then no 
reference to Pavlov's proof is needed because of the following result of 
Bhaskara Rao. 
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Theorem (Bhaskara Rao, [Ij). //cf (A) = u and the space X is (< A)- 
resolvahle then X is also X-resolvable. 

The question if the analogous result can be proved for singular cardi- 
nals of uncountable cofinality is one of the outstanding open problems 
in the area of resolvability and was already formulated in [H]. We just 
repeat it here. 

Problem 2.5. Assume that X is a singular cardinal with cf(A) > uj 
and the space X is (< X) -resolvable. Is it true then that X is also 
X-resolvable? 

We close this section by giving a partial affirmative answer to prob- 
lem 12 .51 At the same time we shall also show how the first part of 
theorem 12.21 implies the second in case A(X) is singular, thus mak- 
ing our proof of 12.21 self-contained. To do this, we shall first fix some 
notation. 

Definition 2.6. For any space X we let V^X) denote the family of all 
dense subsets of X. Next, we set 

J^(X) = U{V{U) : U G r*(X)}; 

we call the members of JF(X), i. e. dense subsets of (non-empty) open 
sets, fat sets in X. 

For a subspace Y C X and a cardinal u we let 

n{Y,u) = j^{x)n[Y]^'', 

in other words, HiY, v) is the family of all fat (in X !) subsets of Y of 
size at most v. It is easy to see that if c(X) < i/ and H-iY, v) is non- 
empty then there is a member H{Y, v) G 7i(l^, v) of maximal closure, 

i. e. such that 

H{Y,v) = un{Y,u). 

(If HiY, v) is empty then we set H{Y, v) = 0.) Clearly, if F C Z C X 
and c(X) < u then we have 

H{Y,u) C H{Z,u). 

Finally, we define the local density do{X) of the space X by 

do{X) = mm{d{U) : U G r*(X)}. 

Clearly, we have 

doiX) = mm{\A\ : A G J^{X)} = min{A(D) : D G V{X)}. 

The following result is obvious but very useful. 

Lemma 2.7. Let X be a space and X a singular cardinal such that 
every D G 'DiX) is (< X) -resolvable. Then X is X-resolvable. 
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As an immediate consequence of lemma 12.71 and of the first part of 
theorem 12.21 we obtain that if A is singular and s{X) < A < do{X) 
then X is A-resolvable. (Of course, here s{X) < A is equivalent with 
s{X) < A or with ps(X) < A.) 

The following lemma shows that, under certain simple and natural 
conditions, if a space X is not /x-resolvable for some cardinal then 
some open set V G t*(X) satisfies a condition just slightly weaker than 
/i < do{V). 

Lemma 2.8. Let X and fi be such that c(X) < ji < A(X). Then 
either X is jJi-resolvahle or 

(*) there isV E t*{X) such that for each k < fi there is T e [V] 
with dQ{y\T) > K. 

If H is regular then V G t*{X) and T G [V]^'-'' may even be chosen so 
that do{V\T) > fi. 

Proof of lemma\EIR Let us first consider the case when /i is regular and 
assume that for all V G t*{X) and T G [V]<^' we have do{V\T) < /i. 
We define pairwise disjoint dense sets Da G 'P(X) fl [X]^'' for a < /i 
by transfinite recursion as follows. 

Assume that {D^ : (3 e a} C 'D{X) n [X]<^ have already been 
defined and set T = U{D/3 : [3 G a}, then |T| < yU as /i is regular. Let 
W be a maximal disjoint collection of open sets W G t*(X) such that 
d{W\T) < fl. By our assumption, then UW is dense in X and hence 
so is U{W\T -.W eW}. So if for each W eWwe&xDwe V{W\T) 
with \Dw\ < then Da = U{Diy : W G W} is dense in X as well 
and clearly \Da\ < fi- The family {Da : a < /i} witnesses that X is 
yU-resolvable. 

So let us assume now that /i is singular and fix a strictly increas- 
ing sequence (/i^ : a < cf(/i)) of regular cardinals converging to /i with 
c(X) ■ cf(/i) < Ho. 

We then define a cf(yu) x /i type matrix : a < cf(/i),^ < /i} 
of pairwise disjoint subsets of X, column by column in cf(/i) steps, as 
follows: 

X„ = X\|J{A^ : /5<«, e</i}, 

A'^ = R{Xa\U{A^ : C<0, f^a). 

Observe that we have < fia, moreover 

(t) A'^ 3 A'^ whenever a < cf(/i) and ^ < rj < fi. 

Let us put A^ = |J{^f • ^ < cf(/i)} for ^ < /x. The sets A^ are 
pairwise disjoint, so if they are all dense in X then X is /x-resolvable. 
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Thus we can assume that at least one of them is not dense in X, hence 
there is a nonempty open set V C X and an ordinal ^* < H such that 
V n A^* = 0. Then we also have 

(t) VnAr, = ^ for each r] > C 

because of ((fj). 

For K < /i pick P < cf(/i) with k < fijs and put 

T = [j{A-^:a<P,^<C}- 

Then |T| < /i/3 ■ |^*| < and it is immediate from our definitions that 
then we have 

do{V\T) >iip>K. 

Before giving our next result we introduce a refined version of the 
family of fat sets 'HiY^ v) defined above and of the associated operator 
H{Y, v). If a cardinal g < v is also given, then we let 

UiY, g, u) = {Ae H{Y, v) : A(A) > g}. 

Again, if c(X) < v and ^ , z/) is non-empty then 7Y(F, g^ z/) has a 
member (Y, p, of maximal closure. (If 7i(y, ^, z/) is empty then we 
set EiJ, g, v) = 0.) 

Lemma 2.9. Assume that X is a topological space and jj, is a singular 
cardinal with c{X) < fJ, < A(X), moreover X satisfies condition (*) 
from lemma lKR i. e. for every k < (i there is a set T G [X]^^ such 
that dQ{X\T) > K. Then we have either (i) or (ii) below. 

(i) There is a disjoint family {Da : a < cf(/i)} C J^{X) fl such 
that A{Dq.) converges to fi, moreover 

U{D^ : 7 > a} G V{X) 

for all a < cf(yu). 

(ii) There are an open set W G t*(X) and a set T E [X]^'^ with 
do{W\T) > fi. 

Proof of \2.fA Fix the same strictly increasing sequence {fia : a < cf (/i)) 
of regular cardinals converging to with c{X) ■ cf(/i) < /iq as in the 
above proof. Note that then for each a < cf(/i) we have 

fi~ = sup{/i/3 : P < a} < fia- 

Then by a straight-forward transfinite recursion on a < cf(yu) we define 
disjoint sets Da G [X]^^ as follows. 

If has been defined for each P < a then set 

Da = H{X\ U{Dp:P< a}, fj,-, /x,). 
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(Note that may be empty but it is a member of T{X) if it is not.) 
Next, for each a < cf(/x) we let 

= U{D^ : 7 > a}. 

Assume first that Ea G T>{X) for all a < cf(/i). In particular, then 
Da 7^ for cofinally many a < cf(yu), hence by re-indexing we may 
actually assume that 7^ for all a < cf(/i). Now, A(Dq,) > /i~ 
immediately implies that A{Da) converges to /x, hence (i) is satisfied. 

Next, assume that some Ea is not dense, hence there is aW E t*{X) 
with W nEa = ^. Since X satisfies (*) there is a set 5 G [X]<^ such 
that do{X\S) > fia- Let us set 

T = U{D,3 -.f^KajUS, 

then |T| < /i as well, moreover we claim that dQ{W\T) = n > fi. 

Assume, indirectly, that U G t*{W) and d{U\T) = k < /i. Since 
U\T C X\S we have k > fia, hence if 5 < cf(/i) is chosen so that 

then a < 6. Let A be any dense subset of U\T of size k, then clearly 
A(y4) = K as well, moreover A C X\ U {Dp : P < 6} holds because 
n i?Q, = 0. But then, by our definition, we have 

Aen{X\U{Dp:/3<6},fiJ,fis), 

hence A C Ds, contradicting that W (1 Ds = ^. '-jTHl 

We now give one more easy result that, for a limit cardinal A, may 
be used to conclude A-resolvability. 

Lemma 2.10. Let X be a space and A a limit cardinal and assume 
that {Da '■ a < cf(A)} are disjoint subsets of X such that 

U{Da : f3<a< cf(A)} G V{X) 

for every (3 < cf(A). Assume also that Da is Ka-resolvahle for each 
a < cf(A) and the sequence {Ka '■ ot < cf(A)) converges to A. Then X 
is \-resolvable. 

Proof of \2.1(K For each a < cf(A) fix a disjoint family 

{E"^ : e < /^a} C V{Da), 

then for any ^ < A set 

E^ = VJ{EI : e < Ka). 

Since the Kq, converge to A, for any fixed ^ < A we eventually have 
^ < Kq, and so E^ is dense in X. Consequently the disjoint family 
{E^ : ^ < A} witnesses that X is A-resolvable. □ 
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>From the above results and the first part of theorem 12.21 we may 
now easily obtain the "missing" second part. Indeed, assume that A is 
singular and s{X) < A(X) = A. Reasoning inductively, we may assume 
that if s(y) < A(F) < A then Y is maximally, that is A(y)-resolvable. 

Now, by lemma 11.11 to prove that X is A-resolvable it suffices to 
show that some subspace of X is. Since c(X) < s(X), from lemmas 
12.81 and 12.91 it follows that, if X itself is not A-resolvable, then either 
there are a W e t*{X) and a T e [W]<^ such that do{W\T) > A or 
there is a V E t*{X) with disjoint sets {D^ : a < cf(A)} C J-'iV) such 
that A{Da) converges to A and 

U{D^ : a < 7 < cf(A)} G V{X) 

for all a < cf(A). But we have seen that in the first case W\T (and 
hence W), while in the second V is A-resolvable. 

We are now ready to present our result that, under certain condi- 
tions, enables us to deduce A-resolvability from (< A)-resolvability for a 
singular cardinal A. We first recall that c{X) is defined as the smallest 
(uncountable) cardinal such that X has no disjoint family of open sets 
of that size. As was shown in |lj (see also [3 4.1]), c{X) is always a 
regular cardinal. We also note that if A is a limit cardinal then every 
(< A)-resolvable space S has dispersion character A(5') > A. 

Theorem 2.11. Assume that X is a topological space, X is a singular 
cardinal, and c{X) < of (A) < A < A(X). // every dense subspace 
S C X satisfying A[S) > X is {< X) -resolvable then X is actually 
X-resolvable. 

Proof of \2.11\ Let us start by pointing out that if A is fat in X then 
S = AVJ {X\A) e P(X), moreover A(A) > A implies A(^) > A. So, 
every fat set A G ^{X) that satisfies A(A) > A is (< A)-resolvable. It 
immediately follows from this that the conditions on our space X are 
inherited by all non-empty open subspaces, hence by lemma 11.11 it is 
again sufficient to prove that X has some A-resolvable subspace. 

Now, if some A G T{X) satisfies d^^A) > X then A(5) > A holds 
for every B G T>{A)^ hence all dense subsets of A are (< A)-resolvable. 
But then, by lemma l2?7| A is A-resolvable. 

Therefore, from here on we may assume that d^i^A) < X for all A G 
JF(X). Actually, we claim that then even d{A) < X holds whenever 
A G J^(X). Indeed, if A G V{U) for some U G t*{X) then let W be a 
maximal disjoint family of open sets W G U such that d{A n W) < X. 
Then c~(X) < of (A) = k implies |>V| < k, moreover UW is clearly dense 
in U by our assumption. But then UW fl A is dense in A and so 

d{A) < d{uw nA) = ^{t^(vr nA):W eW} <X. 
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(We note that this is the only part of the proof where c{X) < cf (A) is 
used rather than the weaker assumption c{X) < A.) 

By lemma l2^ if X itself is not A-resolvable then there isaV E t*{X) 
that satisfies condition (*). We shall show that then V is A-resolvable. 

To see this, first fix a strictly increasing sequence (Aq, : a < k) of 
cardinals converging to A and then, using (*), fix for each a < k a set 
Ta G [V]'^'^ with dQ{V\Ta) > Aq,. Having done this, we define disjoint 
sets Da G 'P(^) n [V]^^ by transfinite induction on a < k as follows. 

Assume that a < k and Dp G ViV) fl [V^]^^ has been defined for 
each /3 < a. Set 

Za = X\iU{Dp:P<a}UTa), 

then Za is dense in V because A(X) > A. But then d{Za) < A, hence we 
may pick D^ G C V{V) with \Da\ < A. Note that as D^ C V\Ta 

we also have A{Da) > Aq,. 

Now consider any partition {J^ : ^ < n} of k into k many sets of size 
K and for each ^ < k put 

= U{Da : a G JJ. 

Then each is dense in V and clearly A{E^) = A, hence it is (< A)- 
resolvable. But the E^'s are pairwise disjoint, hence obviously V is 
A-resolvable. '-jjHU 

We do not know if the assumption c(X) < cf(A) can be relaxed to 
c{X) < A in theorem I2.1H or even if it can be dropped altogether. 



3. A SIMPLER PROOF OF PAVLOV'S THEOREM CONCERNING 

EXTENT 

The extent e{X) of a space X is defined as the supremum of sizes of all 
closed discrete subspaces of X. (This is Archangelskii's notation, in 
ext(X) and in p{X) is used to denote the same cardinal function.) 
Similarly as in the previous section for the spread s(X), we may define 
e(X) as the smallest infinite (but not necessarily uncountable) cardinal 
such that X has no closed discrete subset of that size. Note that a space 
X is countably compact iff e(X) = uj. Clearly, one has e(X) < pe(X) 
(the latter was defined in the abstract). 

In [ini it was proved that A(X) > pe(X) implies the tu-resolvability 
of X for any T3 space X. In this section we shall present our proof of 
the slightly stronger result in which only A(X) > e(X) is used. We 
believe that this proof is significantly simpler than the one given in 
[To] , although it follows the same steps. 
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We start with giving our simplified proof of the following result of 
Pavlov concerning spaces that are finite unions of left separated sub- 
spaces. 

Theorem 3.1. f Pavlov) [TTH Lemma 3.1] Assume that ls(X) < u and 
K < \X\ is an uncountable regular cardinal. Then there is a strictly 
increasing and continuous sequence {Fa : a < k) of closed subsets of X 
with \Fa\ < K for all a < k. 

Proof. We prove the theorem by induction on ls(X). So assume that 
it is true for ls(X) = k and consider X = |Jo<j<fc where the Li are 
disjoint and left separated, moreover u < k < \X\. We may clearly 
assume that the left separating order type of each Li is < k. 

Assume that S is an initial segment of some Lj with tp(S') < n 
and \S\ > K (closures are always taken in X). Since S (1 Li = S we 
may apply the inductive hypothesis to S\S and find an increasing and 
continuous K-sequence {F^ : a < n) of its closed subsets of size < n. 
But then the traces Fa H S will stabilize and \Fa\ < \Fa\ + \S\ < k, 
hence a suitable final segment of {Fa : a < k) is as required. Almost 
the same argument shows that the inductive step can also be completed 
if \Li\ < K for some i. So we may assume that tpLi = k for each i and 
that |A| < K whenever A e [X]"^'^. 

Let Ha denote the ath member of Lq and use the inductive assump- 
tion to find an increasing and continuous K-sequence {Fa : a < k) of 
closed subsets of IJi<i<fc °f ^^^^ ^ ^' then consider the set 

I = {a < K : Ha e Fa}. 

Assume first that |/| < k and hence a = sup / < k. We claim that 
then the set 

J = {/3 > a : J> ^ U^<pF\} 

is non-stationary in k. Indeed, for each j3 E J there must be some 
g{l3) < K with yg{i3) E Fp \ U-y^^pF^. Since g{P) > P > a would imply 
g{P) ^ / and hence 

we must have g{[3) < [3. But the regressive function g is clearly one- 
to-one on J, hence by Fodor's (or Neumer's) pressing down theorem J 
is non-stationary. So there is a club set C in k with C fl J = 0, and 
then the sequence (Fq, : a G C\cr) clearly satisfies our requirements. 

So we may assume that |/| = k. For each a < k let us put Ha = 
{Ury : 7 e J n a}. Note that we have Ha C Fa by the definition of /. 
Next, consider the set 

J = {a < K : a is limit and Ha 7^ U^<aii/-y}. 



RESOLVABILITY OF SPACES HAVING SMALL SPREAD OR EXTENT 13 



We claim that this set J is again non-stationary. Indeed, for every 
a G J we may pick a "witness" G \ V^^<aH^. Now, if G Lq 
then Za = yg{a) for some g{a) < a because Lq is left separated. If, on 
the other hand, Za ^ Lq then Za G Ha C Fa implies Za G Fa because Fa 
is closed in X\Lo. But the sequence {Fa : a G k) is continuous, hence 
in this case we can choose an ordinal g{a.) < a such that Za G -Fg(Q). 

In other words, this means that if g{a) = (3 then Za G {yp} U Fp. 
Now, the sequence {za : a G J) is obviously one-to-one, hence for each 
/? < K we have Is'"^!/?}] < l-F/^l + l < k, consequently, again by Fodor, J 
is not stationary. So there is a club C G k,\J and then {Ha : a G C) is 
increasing and continuous, however maybe it is not strictly increasing. 
But \I\ = K clearly implies that the union of the Ha^s is of size k and 
so an appropriate subsequence of {Ha : a E C) will be both continuous 
and strictly increasing. □ 

Before proceeding further, we need a simple definition. 

Definition 3.2. Let X be a space and fi an infinite cardinal number. 
We say that a; G X is a point of X if for every set A G [X]^'^ there 
is some B G [X\y4]<^ such that x E B. We shall use T'^(X) to denote 
the set of all points of X. 

For the reader familiar with Pavlov's paper we note that his 
tr,^+_ u{X) is identical with our T^+{X). Note also that if F C X then 
trivially any point in y is a point in X, that is, we have T^{Y) C 
T^{X). Finally, if yU is regular then the set T^(X) is clearly (< /i)-closed 
in X, i. e. for every set A G [T^(X)]<^ we have A C T^(X). 

Lemma 3.3. Assume that the space X may be written as the union 
of a strictly increasing continuous chain {Fa : a < k) of closed subsets 
of X with \Fa\ < K for all a < k, where k is an uncountable regular 
cardinal. Then Tk(X) = implies that there exists a set D C X with 
\D\ = K such that every subset Y G [D]^*^ is closed discrete in X. In 
particular, we have e'(X) > k. 

Proof. The assumption T^[X) = implies that for every point x E X 
we may fix a set A^ E [X]<'^ such that x ^ B whenever B E [X\Ax]'^'^. 
By the regularity of k, the set 

C = {a < K:\fxE Fa{A^ C Fa)} 

is club in k. For each a G C let us pick a point Xa E Fa+i\Fa and then 
set D = {xa '■ Oi E C}. 

To see that this D is as required, it remains to show that all "small" 
subsets of D are closed discrete. This in turn will follow if we show 
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that all proper initial segments of D are. So let 7 < k and consider the 
set S = {xa : a G C n 7}. For every point y & X there is a /3 < k such 
that y G F/3+i\F/3. Let 5 be the largest element of C with S < P and e 
the smallest element of C above P, hence we have S < P < e. 

Then, on one hand, {xa : a < 6} C Fs <Z Fj3, while on the other 
hand Ay C and {xa : e < a < 7} C which together imply 

that y has a neighbourhood U such that t/ fl S* C {xs}. □ 

We need one more result making use of the operator T^. 

Lemma 3.4. // a space X satisfies T^(X) = X for a regular cardinal 
fi then X is ^-resolvable. 

Proof. Clearly, T^{X) = X implies T^{U) = U for all open subsets 
U C X, hence by lemma 11.11 it suffices to show that X includes a 
/i-resolvable subspace Y. 

Since every point of X is a point, for any set A G [X]<^ we may 
fix a disjoint family B{A) C [X\A]<'' with \B{A)\ = \A\ < n such that 

A C U{B:B G B{A)}. 

We now define sets Aa in [X]^'' by induction on a < as follows. 
Let X G X be any point and start with Aq = {x}. Assume next that 
< a < /i and the sets Af^ G [X]^'' have been defined for all /? < a. 
Then we set 

B^ = (Jb{u {Ai3 : P <a}) and A^ = U{v4^ : p < a} U B^. 

After the induction is completed we let 

Y = U{Aa : a < fx}. 

It is clear from the construction that the B^s are pairwise disjoint, 
moreover for every set s G [fiY the union UaesBa is dense in Y. But 
then Y is obviously /i-resolvable. 

□ 

We are now ready to state and prove our promised result. 

Theorem 3.5. Assume that the regular closed subsets of the space X 
form a n-network in X and T^(X) is dense in X for some regular 
cardinal /i > e(X). Then X is u -resolvable. In particular, any T3 
space X satisfying A(X) > e(X) is u -resolvable. 

Proof. Assume, indirectly, that X is cu-irresolvable. By lemmas (01 and 
ll.2l then there is a regular closed subset K oiX that is both hereditarily 
a;-irresolvable and satisfies h{K) < uj. 

Let us now define the sequence of sets {K^ : n < c<j} by the following 
recursion: Kq = K and K^+i = T^{Kn). Since T^(V') is (< /x)-closed 
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in Y for any space Y, we may conclude by a simple induction that Ki 
is (< /i)-closed in K and hence e{Ki) < e{K) < /i for all i < uo. 

We next claim that, for each n < c<j, -ft'n+i = T^{Kn) is dense in 
Kn and hence in K. For n = this follows immediately from our 
assumption that T^{X) G V^X). 

Clearly, any neighborhood of a point in any space must have size 
at least fi. Hence if our claim holds up to (and including) n then we 
also have A{Kn) > /i and since Kn G T^{,K) the regular closed subsets 
of Kn form a vr-network in Kn- (The latter holds because the regular 
closed subsets of a dense subspace are exactly the traces of the regular 
closed sets in the original space.) 

Now, let U be any non-empty open subset of Kn. We show first that 
then \U n Kn+i\ > fJ>, hence A{Kn+i) > fi. (In other words, Kn+i is 
not only dense but even /x-dense in Kn ) To see this, let 7^ F C f/ 
be regular closed in K^ then |F| > and ls(F) < u imply, in view of 
theorem I3.1L the existence of a strictly increasing continuous sequence 
{Fa : a < fi) of closed subsets of F (and hence of X) with < fi. 
Then we may apply lemma 13.31 to any final segment of the sequence 
{Fa : a < /i) to conclude that Fa fl T^{Kn) = fl Kn+i 7^ for 
cofinally many a < /i, hence \U fl Kn+i\ > |F fl Kn+i\ > fi- 

But A{Kn+i) > /i implies that for any non-empty regular closed 
set H in Kn+i we have \H\ > /i, and so, using again h{H) < u and 
e{Kn) < /U, we obtain from theorem l3.ll and lemma IX3l that T^{H) is 
non-empty, i. e. Kn+2 is indeed dense in Kn+i- 

Now suppose that there is an n < u; such that Kn\Kn+i is not dense 
in Kn- This would imply that for some U G T*{Kn) we have U C Kn+i 
and hence T^{U) = U. But that would imply by lemma mi that U is 
/i-resolvable, a contradiction. Therefore, we must have that Kn\Kn+i 
is dense in Kn and hence in K for a\\ n < u. But then K would be 
w-resolvable, which is again absurd. This contradiction then completes 
the proof of the first part of our theorem. 

To see the second part note that, by lemma lOl and by considering 
regular closed subsets of X, it suffices to prove the w-resolvability of 
X under the additional condition ls(X) < u. But then T^(X) G V^X) 
follows immediately from theorem 13.11 and lemma 13.31 with the choice 
;x = e(X)+. □ 

Since for any crowded (i. e. dense-in-itself) countably compact T3 
space X one has A(X) > c> Ui, theorem 13.51 immediatelv implies the 
following result of Comfort and Garcia- Ferreira. 

Theorem (Comfort, Garcia- Ferreira, j2l Theorem 6.9]). Every crowded 
and countably compact T3 space is u -resolvable. 
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Note that the assumption of regularity in this theorem is essential 
because of the following two results. 

Theorem (Malykhin, Example 14]). Th ere is a countahly compact, 
irresolvable T2 space. 

Theorem (Pavlov, [13 Example 3.9]). There is a countahly compact, 
irresolvable Uryshon space. 

Pytkeev has recently announced in [12] that a crowded and countahly 
compact T3 space is even cui -resolvable. We haven't seen his paper 
but would like to point out that this stronger result is an immediate 
consequence of an old (and deep) result of Tkacenko and of lemmalOl 

Tkacenko proved in [TH] that if X is a countahly compact T3 space 
with ls(X) < uj then X is compact and scattered. In ^ it was shown 
that this statement remains valid if T3 is weakened to T2, hence we get 
the following result. 

Theorem 3.6. If X is a crowded and countahly compact T2 space 
in which the regular closed suhsets form a n -network then X is ui- 
resolvahle. 

Proof of theorem \S.f\ By the above result from [H], every non-empty 
regular closed subset F C X must satisfy ls(F) > uji. But then X is 
uji -resolvable by lemma ITTl II j3^ 

Any crowded and countahly compact T3 space has dispersion char- 
acter > c. Hence the following interesting, and apparently difficult, 
problem is left open by theorem 13.61 

Problem 3.7. Is a crowded and countahly compactT-s space c-resolvahle 
or even maximally resolvable? 
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